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Have a closer look at the daily changes of stock values.

@ Use a simple binomial model to describe the evolution of stock
values.

@ Derive a finite difference approximation for a PDE modelling the
evolution of the values of a stock.

@ Give a very brief explanation of options.

@ Derive the Black—Scholes PDE for the values of European put or
call options.

Key point: All based on elementary algebra, some analysis and
probability, i.e. no advanced mathematical tools.
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Examine historical data of stock values, in this case the daily values
ket s for the years 2015-2019. Use S(i), the value on the i—th day of
trading. Use relative changes (e.g. +0.5% ) and determine

daily gain(i) = |0g(ﬂ)

The value on the N—th day of trading is given by

S(N) = 5(0) - exp(z daily gain(/))

i=1

Examine histograms of daily gains for a few stocks.
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Andreas Stahe extreme events occur. As example consider the results for the Credit

Morket Swiss stock in 2022.
o annual gain -69%, -0.49% per day
o annual volatility 50.4%, 3.25% per day
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Observe the wider spread of the daily gains and the large number of
extreme events.
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Based on the data estimate the daily gain and its standard deviation.
et e This allows to determine an annual gain and the corresponding
standard deviation, called volatility, of the value of the stock.

Nestle Swatch SwissRe SMI

daily gain +0.031% | -0.039% | +0.021% | +0.013%
annual gain r | +7.609% | -8.867% | +5.189% | +3.282%
daily stddev 0.842% 1.656% 1.012% 0.819%
volatility o 13.05% | 25.65% 15.67% 12.69%

To create a model for the development of the value S(t) of a stock
assume a known annual gain r (resp. " — 1) and a volatility o. This
will allow to determine the value V of an option based on this stock.
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Use Monte Carlo simulations to model future values of a stock.

Market Based on data from 1990 to 1999 for IBM stock estimate the daily

Observations
gain at 0.0605% and its standard deviation at 1.94%.
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This is a possible tool to determine the value of an option based on
this specific stock.
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Andreas Stahe Examine a stock with values S(t), resp. S(i At). For each time
step At (e.g. one day) the value will

T o either be multiplied by e™ > 1 with probability % (1+ Ap)
Stk @ or be multiplied by e™¥ < 1 with probability %(1 — Ap)

B [ Spet¥ with probability 1 (1 + Ap)

o= s(1an= { Soe™ with probability %(1 — Ap)

B [ Siet“  with probability 1 (1+ Ap)

% = S@AN= { S1 e ¥ with probability %(1 — Ap)

_ [ Syetv with probability 3 (1 + Ap)

5 = SBAN= { Sy e with probability %(1 — Ap)
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Andreas Stahe For a starting value Sop = 1 this can be visualized by a mesh with a
linear scale for the values S; = S(i At).

Binomial Model
for Value of 3
Stock
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For easier calculations use a logarithmic scale z(t) = In(5(t)).

14+ Ap

Stock

Ein%mlial Mfode\ 2 . 2 +u Wlth proba blhty
= 2o — u  with probability

1+ Ap

)

)

S { 71 + u  with probability 5 (1 + Ap)
2 =

)

)

1—Ap)

3 (

i

1

?(
z1 — u  with probability 5 (1 — Ap
I zy+ u  with probability %(

3 2 —u  with probability 3 (
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I
3

Binomial Model
for Value of
Stock

o

In(value of stock)

/
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Of the n steps k went upwards, i.e. find a binomial distribution.

P(zn=z0+(R2k—n)u) = <Z> 2—1"(1+Ap)k(1—Ap)”_k

= PDF(k,B(n, %(1 + Ap)))
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Since the expected value E and the variance o2 of a binomial
distribution will be used, here an elementary, elegant derivation:

Binomial Model

for Value of @ For the expected value E use the standard binomial formula with
Stock g = 1 — p. Differentiate once with respect to p, then multiply by p.

(p+q)" = Zn:(’;)piqn,,-
i=0
pn(p+q) " = pZJ(erq)"—;i(?)piq”i
pn = zn:f<',7>P’(l—p)"”=E(X)

i=0
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2

P ot ay
= ;i(i—l) ( ’,’ ) plg"
p’n(n—1) = Zn:i(i_n ( 7 ) p(1—p)

o p’n(n—1)(p+aq)"~
Binomial Model
for Value of

Stock

i=0
= E(X’)—E(X) = E(X*)—np
E(X*) = p’n(n—1)+np=np(np—p+1)
o> = E(X*)-E(X)

= np(np—p+1)—n’p’ = np(1—p)
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Determine E(z,) and Var(z,) for the binomial distribution

ER B(n, 3(1 + Ap)) for the values of the stock. Use p = 1 (14 Ap).
Stock
n
1
E(z,) = Y (20+ (2k—n) u) PDF(k,B(n, 51+ 2p))
k=0

(z0 — nu) E(1) +2u E(k)
= zg—nu+un(l+Ap)
= z+nulp
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Binomial Model
for Value of
Stock

(4k* —2kn+n*—2(2k —n)nAp+n*(Ap)?) -

-PDF(k, B(n, %(1 + Ap)))
= v’ (4 E(K*) —4n(1+ Ap) E(k) + n*(1+ Ap)® E(1))

1 1
= <4n2(1+Ap)2 (1-Ap+n(l+Ap))—

1
—4n(1+ Ap) n2(1+Ap)+n2(1+Ap)2)

— Pn(1-(Ap))
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Compatibility Condition and Parameter Selection |

Take n time steps of equal length At = % to reach time t = 1.
Based on the market observations ask that the expectation value
E(z,) and the variance o2 satisfy

z+r = E(z))=z0+nulp
o> = V(z)=u*n(1-(Ap)?)

Solve the two equations for the parameters Ap and v.

r 5 5 r? , r?
Ap=— = o =un(l-—55)=nu——
nu n?u n
Vno?+r?
— y= ———
n
r

nu  \/no?+r?
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r o
A S Ap = - = m and u~= ﬁ
I Using the De Moivre—Laplace theorem with these parameters and
o n — oo leads to a normal distribution at time t, given by
PDF(t,2) = — e (@t /Ceo?)
oV2m A/t

with mean zy + r t and variance t o2.

value z
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f(xg+h)
Tx0)

f(xo-h)

Future Value of
Stock Xo-h Xo Xo+h

f(Xo + h) — f(Xo — h)

2h
F(x0) =~ f(Xo+h/2);f(Xo—h/2)
- 1 <f(xo—|-h)—f(xo) 3 f(xo)—f(xo—h))
h h h

f(xo—h)—2f(x0) + f(x0 + h)
h2
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f; j = value of probability at t =i At and z = - u

and the stencil

Future Value of
Stock
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Applying the formula for the binomial tree

1 1
firij =5 L+ Ap) fijr + 5 (1= Ap) fijn
Future Value of
Stock repeatedly with u = % Ap = ——= = . and elementary algebra
leads to
2fij-1 = (1+Ap)fi1j2+(1—Ap)fio1;

2fij;1 = (I+Ap)fiij+(1—Ap)fii1j2
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(I+4p)2fij1+(1—Ap)2fijn
= (1+4p) (A+Ap)fi1j-2+(1—Ap)fi1))
Future Value of +(1—Ap) (1+Ap)fic1j+ (1 — Ap)fi_1ji2)

= (14 Ap)° fiirj2+2 (1= (Ap)°) fimrj+ (1= Ap)* firjr2

2
r r r
= (1+ TU)Q ficrj2+2(1— nTug) fionj+(1— Tu)z fi-1j+2

2r (fi1,j—2 — fi1,j42)

= (ficj2+2ficaj+firjp2)+ nu

_|_

r? (ficijz — 2fic1j + fim1j2)

+
n? u?
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n
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4 fivj —fiij  _ 2 fii1j-2—2 ﬁ;l,j + fi_1j42 Loy fi1j-2—fic1j42 +
At u u
2
r° ficijo—2fi1j+ fici o
+— 2
n u
2
RVl fiy1j — fiz1 0% fic1jo—2fi1j+fi1j0 , fi_1jre —fic1j-2 n
tocl P et " — i _
2 At 2 42 4u
2
n r° ficij—o—2fic1j+ ficijto
2n 42

If f;j is the discretization of a continuous function f(t, z), i.e.
fij = f(i At,j Az), take the limit n — oo and recognize the above as an
explicit finite difference approximation of the dynamic heat equation

of(t,z) o 9°f(t,z) of(t,z)
ot~ 2 oz oz 7O

The above function PDF(t, z) = f(t, z) satisfies this PDE.
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Thus the probability distribution of the value of a stock satisfies the same
PDE as a heat equation with some drift contribution

OPDF(t,z) o> &PDF(t,z)  9PDF(t,2)
a2 022 "oz

Future Value of
Stock

with time t and z = In(S), where S is the value of the stock. This is a
PDE with constant coefficients. Rewriting this with the stock value S = e*
as independent variable with V/(t, S) = PDF(t,In(S)) leads to

oV(t,S) o° 52 2 V(t, S)

8V(t S)
at BXE (*_ r) s :

This is a PDE with variable coefficients. Often this form is used in the
literature!
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D G Gl As holder of an European call option you have the right, but not
BlackScholes the obligation, to buy the underlying asset (e.g. stock, currency) at a
given maturity date T for the given strike price K. For this right you
have to pay a price V, the value of the option.

On the maturity date T there are different outcomes possible:

o If at time T the value S of the stock is below the strike price K,

Andreas Stahe

do nothing.
Vel off e o If at time T the value S of the stock is above the strike K, call
Option on a . .
Stock your option, and sell the stock on the market, you gain S — K.
2 2

15

g
o

1

payoff with strike 1
-
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2

payoff with strike 1

o
o

05 1 15 2 25 3 10°
value of stock at maturity logarithm(value of stock at maturity)
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There are many different types of options.

@ European call option: right to buy at maturity date
@ European put option: right to sell at maturity date

@ American call option: right to buy at any time before the
Vel ian maturity date

Option on a
Stock

@ American put option: right to sell at any time before the
maturity date

o Different payoffs are possible, e.g. binary

@ many, many more, some incredibly complicated



F . .
Options: Insurance or Speculation? |

Binomial Model,
Value of Stock,
Black-Scholes

A put option with a stock as underlying asset:

@ Insurance: you own a large chunk of Swisscom stock and want
to use it a year from now to pay off your mortage, since you
retire. To make sure that you obtain a minimal price for your
Swisscom stock, you buy a put option with your minimal price

ot as strike. You have to buy this insurance at a fair price.

Option on a
Stock °

Speculation: your gut feeling (or insider knowledge) tells you
that the value of the Swisscom stock will fall drastically within a
year. With a put option you assure that you can sell at the strike
price. If a year from now the value is considerably lower than
your strike, you buy on the market and make a (hopefully large)
profit. You risk to loose the price of this option, bought at a fair
price.
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@ Insurance: as a small business owner you have a large contract
in the USA and your work will be paid a year from now with
1 million USD. With the help of a call option for CHF (payed in
USD) with a strike of 0.90 &£ you are assured to have at least
this “exchange rate”, even if the value of the USD would fall

drastically. You have to buy this insurance at a fair price.

Value of an
Option on a

Stock o Speculation: your gut feeling (or insider knowledge) tells you
that the value of USD will fall drastically within a year. Thus
you buy a call option for CHF at a strike of 0.905:" for 1 million
USD at a fair price. If the exchange rate on the market a year
from now would be 0.805: you buy 1'000'000 USD for

800'000 CHF on the market and then obtain 900’000 CHF by
calling the option. It would be a nice gain of 100’000 CHF, but
you risk to loose the price of the option.
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The fair value equals the expected payoff

Assume that there is a save interest rate ry (currently rather small).
For a call option with payoff max{0,S — K} = max{0, e* — K} this
Value of an leads to

Option on a

Stock +oo

V(t,zp)et™(T=9 = / max{0, e? — K} - PDF(T, z) dz

—00

+o0
:/ (e — K) - PDF(T. z) dz

nK

and based on this generate explicit formulas for the value V/(t, z) for
European call or put options at time t with current value Sq = e®.
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Vij =value of optionat t =T —iAtand z=j-u

and the risk-less interest rate ry and the “fair value condition”.

Value of an
Option on a
Stock

current value + interest = expected future value

1 1
e/ Vipry = 5 (1-Ap)Vij-1+ 5 (1+Ap) Vi
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With f;; = ein/n. Vi ; this implies

1 1
fiy1j= 5 (I1—-Ap)fij—1+ 5 (14 Ap)fij+1

i.e. the same difference equation as for the value z of the stock, but
Value of an . . . e .
Option on 2 with a change of sign in Ap = £ -1 . Thus the modified function

nu *

f(t,z) = e®T=1) . V(T — t, z) satisfies the PDE

Stock

F 2 p2f F
0 (t,z)zia (t,z)+r8 (t,2)

ot 2 0z2 0z
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For the original function V(7,z) = e™" f(T — 7) conclude
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0 o2 0%f(t,z) of(t,z)
—V = nT (T — _ehT [ Z_ ) }
57 (7,2) roe™7 f( T)—e ( o +r P )
o? 02 0
= rnV(rz)- 5 32 V(r,z) —r 3 V(r,z)
Value of an
o " and consequently V/(t,z) solves the PDE

_oV(t,z) cﬁ 0?V(t,2) n oV(t,z)
9t 2 92 >
This is the Black—Scholes—Merton PDE, leading to a Nobel

Memorial Price in 1997. It is similar to a dynamic heat equation with
time reversal and the final condition V(T,z) = payoff(z) .

—h V(t,Z)
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e Use the historic data for Nestle stock from 2015 until 2019 with a
D strike of K = 120. T is the time until maturity of the call option.
Use Octave and implement a finite difference scheme to solve the

PDE and determine the value V of the option as function of time T
and price S of the stock.

for 0<T<0.5

25
Value of an
Option on a
Stock

at T=0.5

105 110 115 120 125 130 135
Price S
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With an American call option you have to right to call the option at
any time t < T. Thus an American options is always more valuable
than an European option. The resulting PDE is again

Andreas Stahe

oV(t,z) o 9?V(t,z) oV(t,z)
ot 2 a2 e nVea),

yalue of an but with the additional obstacle

Option on a
Stock

V(t,z) > payoff(z) .

If V(t,z) < payoff(z) then you would cash in immediately.

This PDE is considerably more difficult to derive and solve
numerically. It is a nonlinear problem, caused by the obstacle. There
are no analytical solutions.
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The End
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